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Introduction

The general dynamical model of a microbial growth pro-
cess is described by a set of mass balances, where the rates of
change of state variables are expressed as functions of oper-
ating conditions and model parameters. These are coupled
with one or more kinetic models for specific growth rates. A
knowledge of the physically meaningful parameters of a cul-
ture is essential for model building and verification. The ap-
plication of modern control theory to biotechnology requires
accurate estimation schemes, because relatively small devia-
tions in parameters may indicate process disturbances or
faults. Identification of growth models is known to be a diffi-
cult task due to the empirical nature of the models. The esti-
mation of a unique set of physically meaningful parameters
may not be always feasible (Nihtild and Virkkunen, 1977;
Holmberg, 1982; Stephanopoulos and San, 1984). Parameters
in bioprocesses seldom remain constant; variability is induced
by the sensitivity and selectivity exhibited by microorganisms
to their environment. It has been shown that the maximum
specific growth rate and half saturation constant in the Monod
law exhibit strong temperature dependency (Topiwala and
Sinclair, 1971).

Many different techniques are in use for on-line parameter
estimation of continuous-culture processes; adaptive algo-
rithms of the recursive least-squares (RLS) method are often
used to track time-varying parameters (Aborhey and
Williamson, 1978; Holmberg and Ranta, 1982). Golden and
Ydstie (1989) reported Monod parameter estimation by RLS
with forgetting factors. The RLS algorithms suggested in the
literature are adaptations of schemes developed for station-
ary systems, and they fare poorly when used for monitoring
parameters that drift with time, besides being sensitive to
noise (Holmberg and Ranta, 1982).

In general, the functionality of a specific growth rate with
respect to state variables and operating conditions is inade-
quately known. The available analytical expressions are lim-
ited in scope because they are often system-specific and ex-
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tensions to wider operating regions may not be feasible
(Stephanopoulos and San, 1984). Several researchers have
suggested model-independent estimation of specific growth
rate as a time-varying parameter. The extended Kalman filter
(EKF) is widely applied to this effect (Stephanopoulos and
San, 1984; Shimizu et al., 1989). The EKF is derived from the
application of a Kalman filter to the linearized model of a
nonlinear system. In microbial growth systems, which are
characterized by strong nonlinearities, these algorithms often
produce biased estimates (Zhou and Cluett, 1996). It is also
extremely difficult to evaluate the stability and convergence
properties of EKF algorithms over wide ranges of operation.
Bastin and Dochain (1986) developed an adaptive observer to
estimate the unmeasurable states and specific growth rate
on-line. The approach, though simple in structure, is known
to be difficult to tune (Oliveira et al., 1996). Lubenova (1996)
suggested an adaptive algorithm for specific growth rate from
oxygen uptake rate (OUR) data and their derivative.

The modulating-functions method belongs to a class of es-
timation methods for continuous-time systems, which apply
an integral transform over a finite period of time to convert
the original differential equation into a set of algebraic equa-
tions. It is particularly appealing for parameter estimation in
microbial growth processes. The original nonlinear model is
used without recourse to linearization, noisy data are directly
processed, and it is not necessary to estimate initial condi-
tions. Although several versions have been developed in the
last two decades, applications of these methods to chemical
and biochemical processes are almost nonexistent (Preisig and
Rippin, 1993). To demonstrate the efficacy of the method, we
present the results of on-line identification of a microbial
growth model with the recursive modulating functions method
developed earlier (Co and Ungarala, 1997). The computa-
tionally efficient algorithm is included here in a summarized
form. The saprotrophy model for protozoan feeding on bac-
teria (Sambanis et al., 1987) is used for this simulation study.
The set of four coupled differential equations contains three
specific growth rates, two yield coefficients, and two
death/maintenance coefficients. The seven parameters are
estimated as time-varying parameters independent of any
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growth kinetic expressions. The internal parameters of mod-
els of specific growth rates, like the Monod law, are esti-
mated in a subsequent step from the estimates of the specific
growth rates obtained previously.

Protozoan—Bacterial Interactions

In mixed cultures the organisms influence one another, re-
sulting in complex interactions like competition, predation,
and parasitism. The predator—prey interaction is a common
phenomenon in nature, where one species (prey) grows inde-
pendently on the substrate and is simultaneously consumed
by the other (predator). Consumption of bacteria by bacteriv-
orous protozoa is a common example and an important pro-
cess both ecologically and industrially (Fredrickson, 1983).
Mixed microbial populations are commonly employed in in-
dustrial and biological waste treatment plants. In aquatic sys-
tems, protozoan predators feed on bacterial prey, establish-
ing one of the first trophic levels in aquatic food webs. The
saprotrophy model! of protozoan-bacterial interactions ac-
counts for the release of substances by protozoa that can sup-
port bacterial growth (Sambanis et al, 1987). These sub-
stances, produced by the death and lysis of protozoan cells,
are termed autochthonous substrates to differentiate them
from the nutrients fed to the culture, which are called al-
lochthonous substrates. It has been shown that accounting
for the growth of bacteria on autochthonous substrates aids
as a stabilizing factor for models of protozoa—bacteria coexis-
tence.

The saprotrophy-model equations for a continuous culture
in a single-stage chemostat with sterile nutrient feed are writ-
ten as follows:

—(—5=-—Dp+(Xn—-vd)p (12)
db

Z=—Db+(m+m’)b—np (1b)
ds m

—(}?=—Ds—?b+avdp (1c)
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where p is protozoan biovolume; b is bacterial density; s and
s’ are concentrations of autochthonous and allochthonous
substrates, respectively; m and m' are specific growth rates
of bacteria on autochthonous and allochthonous substrates,
respectively; 7 is the specific growth rate of protozoa on bac-
teria; X is the yield coefficient for protozoa, and the yield
coefficient, Y, is assumed to be the same for both substrates;
v, Iis the rate of loss of protozoan biovolume due to death
and lysis; a is a constant for the production of autochthonous
substrate; D is the dilution rate; and s} is the concentration
of allochthonous substrate in the nutrient feed. -

The model is combined with algebraic relations, like the
Monod law, for the three specific growth rates. Depending
on the operating conditions, the model predicts coexistence
of protozoa and bacteria in steady states or sustained oscilla-
tions of population densities. The saprotrophy model serves
as an excellent example to illustrate the modulating-functions
method. It is a more complicated system than a single-
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organism fermentation model, it is highly nonlinear, contains
several time-varying growth rates, and offers persistent exci-
tation of signals when oscillations are present. However, the
oscillations tend to depend strongly on initial conditions and,
for certain experimentally reasonable conditions, the sapro-
trophy model fails to predict the coexistence of the species,
both of which are contrary to experimental observations.
Along with the experimentally verified saprotrophy mecha-
nism (Canale et al., 1973; Habte and Alexander, 1978; Sam-
banis et al., 1987), other processes may be simultaneously oc-
curring. So far, saprotrophy is the most widely accepted mode!
for the persistence of bacterial growth in the presence of pro-
tozoan predation.

Recursive Modulating-Functions Method

The modulating-functions method can be used to estimate
the parameters of a general nonlinear differential equation,
expressed in the following affine structure:

p dk/ q dk/

> Ezg(t,y,u)= > e (e, y,u), 2

i=1 j=1

where «a; are the parameters to be estimated; and {; and ¢,
are nonlinear functions of input and output in time. Co and
Zhong (1997) have recently extended the method to differen-
tial equations containing parameters in transcendental forms
by using Lie symmetry transformations to obtain affinity in
parameters.

The affine equation is modulated by taking the inner prod-
uct with a modulating function, ¢(¢), over a batch of time-
series data. The following adjoint relation shifts the differen-
tiation operation from the time-series data, f(z), on to the
modulating function, ¢,

7, df T, d'¢
fo¢§;dz—(—1)[0fﬁdz, 3)

and the approximation of derivatives from noisy data is
avoided. The modulating functions, ¢, are chosen to be
smooth, n times differentiable, and to satisfy the following
end conditions to allow for arbitrary initial values for the data,

),

J d’
ch(o) =0= F‘MT)

where n is the order of the system. Pearson and Lee (1985)
chose linear combinations of sinusoidal functions to construct
orthogonal sets of modulating functions,

® =C(1, cos wt, —sin ot, ..., cos Lwt, —sin Lwt)’, (5)

where L is a filtering parameter and « = 27/7. The matrix
C, of size r X(2L + 1) with r > g, is formulated to satisfy the
end conditions and guarantee the linear independence of the
modulating functions. There are several methods for obtain-
ing C, including the one by Pearson and Lee (1985), who
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Figure 1. Orthogonal family of modulating functions: ®

for n=2; ¢, (—), ¢, (-—-), &5 (---).

used Vandermonde matrix identities, and an explicit formu-
lation given in Co and Ungarala (1997). For L =2, n =2, the
three modulating functions obtained are shown below (Fig-
ure 1),

1
i 026 —0.26 0 0 0 cos wt
¢, |=| -0.12 -023 0 035 0f| —sinwr
Y 0 0 —04 0 02]| cos2er
—sin2 wt

6)

Using the Pearson—Lee formulation with trigonometric mod-
ulating functions, the estimation problem is now reduced to a
linear least-squares problem,

1
c(p*z,, ..., D%Z, )| :
L/ pxn
a
=c(phz,, ... D%z, )| 1|, D
%
where

Z=[Co(£), Ci(f), $(f), ..., CLU), SLUOT (8

Cm(f)=f0Tf(t)cosmwtdt ()]

SiH =~ " f(0) sin mwtdt (10)
D = wdiag(0, d, 2d, ..., Ld) d=((1) ‘(1)). an
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Table 1. Model Parameters for the T. pyriformis—E. coli

System
Parameter Value
o 025h7!
K’ 5x10~* mg glucose/mL
Y 3x10° E. coli cells/mg glucose or
autochthonous substrate
n 0.44h™!
K 5% 107> mg autochthonous substrate,/mL
v 1.8 E. coli cells/um® T. pyriformis biovolume h
1
Kp (7— W) x 107 E. coli cells/mL
X 0.17 pm® T. pyriformis biovolume/E. coli cell
a 5.9x107 1% mg autochthonous substrate /um?3
T. pyriformis biovolume
v 0.022h™!

The Pearson—Lee method, which uses FFT/DFT methods
to evaluate the integrals efficiently, is limited in its applica-
tion to a batch of time-series data. The method can be ex-
tended for on-line estimation by processing one data window
of width T at a time, but would require the use of FFT at
each sampling instant. Instead, a set of fast and computation-
ally efficient recursion formulas have been developed for a
sliding-window estimator by Co and Ungarala (1997). The re-
cursion relations and the estimation algorithm are summa-
rized here. At any sampling time instant, k, the integrals
C,(f) and S,(f) are evaluated using the trapezoidal rule,
that is, Cy. , = (ADC, ,,(f) and S, ,, =(ADS, (),

— N-1 2
Ck,m(f)= ﬁj+K-N) COS(—}-\-{—mj)
0

j=

1
+5[f(k)”f(k—N>] (12)
_ N-1 27
Sen(H)=- X f(j+k—N)Sin(ij)- (13)
i=0

These summations at k are related to the previous values at
k —1 by the following matrix equation:

Ek,m(f) _ (Cm - sm)
gk,m(f) m Cm

N

Ek— l,m(f)
gk— l,m(f)

1\ 1 1)1
+(0)_2—ANf(k—1) +(O)EANf(k), 14)

where, c,, = cosQmm/N), s, =sinQurm/N), Ay fiuy= fiuy—
J-ny- The following recursion formulas are formulated to
solve the least-squares problem (Eq. 7) at each sampling in-
stant: ‘

1 1
G, (k) = G)(Gg(k ~D+ 5 VAl 1)) 5 Vebylyy (9
2

1 1
thl(k) = @)(G'l‘(k _1)+ E V:pANl/I(k—l)) + -Vd;ANlﬁl’(k)’ (16)
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where

G, (k)=[D"Z, (k), ..., D*Z, (k)] an
Gy (k)= D*Z,(k), ..., D*Z, (k)] (18)
Zf(k) = [Ek,O(f)’ 6k,1(f)’ §k,1(f)»

s Gt (), S (DT (19)
V. =(D“f, ..., D*f) (20)

V,=(DMf, ..., D%f)

f=0,1,0,...,1,0) of length 2L +1 @4))
Ang(k) =diaglA g, (k), ..., Ay, (k)] (22)
Ay lk) = diaglA g, (k), ..., Ay, (k)] (23)
0 =diag(l, 6, ..., 6;)
( 27m ) ) ( 27m )
cos ~sin
B N N
Om = _(27m 2am) | @4
sm( N ) cos( ~ )
Estimation Algorithm

1. Initialize the constant matrices C, O, Ve Vi

2. Initialize estimation with Pearson-Lee method on a
window of N data points.

3. Compute A,¢(k ~1), Ay¢(k) and Ayg(k — 1),
A n¥(k), and update G,(k) and G, (k).

4. Obtain new estimates a(k) by solving

[CG,(K)IOnes(p,1) = CG,(k)a(k). (25)

Simulation Example

The feeding of ciliated protozoa Tetrahymena pyriformis on
Escherichia coli bacteria and the persistent growth of E. coli
on the metabolic byproducts of T. pyriformis are well-known
two-way interactions. For simulation purposes, it is assumed
that the three specific growth rates contribute to culture
growth through the Monod model,

vb s )
m= ~ m = H . (26)
K+s s

A representative set of model parameters for the 7. pyri-
formis—E. coli system, grown at 25°C in a mineral salts
medium with glucose as the rate-limiting allochthonous sub-
strate, is shown in Table 1 (Sambanis et al., 1987). In order to
demonstrate the ability of the estimator to track time-varying
parameters, the parameter K,, of the protozoan-specific
growth, was gradually reduced from 7x107 to 6.9 x 107.
The response of the saprotrophy model (Eqs. 1 and 26)
was simulated with initial conditions, p,=1x107 um?®mL,
by = 8% 108 cells/mL, 5= 0.006 X 10> mg/mL, and s}, = 13
%X 1073 mg/mL, and operating conditions D = 0.025 h~! and

2132

September 1998 Vol. 44, No. 9

x 10" protozoa x10 bacteria
2.5
14
2
13
a1.2 015
1.4
1
1
09 05
0 500 1000 [+} 500 1000
x 10°  autochthonous x10°  aliochthonous
8
10|
6
L] o
4 5
‘0 500 1000 0 500 1000
time, h time, h

Figure 2. Simulation of saprotrophy model, corrupted
with Gaussian noise.

57 =0.05 mg/mL. The model was integrated for 1,000 h of
chemostat operation, and an output sequence was generated
using a sampling time of A¢ = 0.1 h. The data were corrupted
with white noise: 7. pyriformis biovolume and E. coli density
with Gauss (0,10%), autochthonous substrate with Gauss
(0,10™®), and glucose concentration with Gauss (0,10~ %). The
damped oscillations of p, b, s, and s are shown in Figure 2.

In order to implement the modulating-functions method,
the model needs to be expressed in the prescribed affine form.
In the first stage of the estimation scheme, the parameters of
the saprotrophy model (Egs. 1) are estimated without using
any analytical expressions for the specific growth rates. The
model equations are rearranged in the affine form as follows:

db
E+Db=A1b—A2p (27a)
ds
— *Ds=—Asb+Ap (27b)
S’ ! ’
E~D(sf—s)=—A5b (27¢)
dp
—+Dp=Agnp—~ A;p, 7d)

dt

where A, are the parameters to be estimated. The three spe-
cific growth rates, two yield coefficients, and the two
death/maintenance coefficients are calculated from n = A4,,
Y=A, A3+ A5); m=A,Y;, m' = AY; X=Ag; v, = Ay
and a= A,/A4,. Note that the estimates of n obtained from
Eq. 27a are fed to the algorithm for the estimation of A4, and
A, in Eq. 27d.

The recursive algorithm is initiated with the Pearson—Lee
method with FFT on a window of N samples. The recursion
formulas are applied at each sampling instant to solve the
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Figure 3. Estimation of (a) specific growth rate of proto-
zoa on bacteria n; (b) specific growth rate of
bacteria on autochthonous substrate m; (c)
specific growth rate of bacteria on al-
lochthonous substrate m’; prior to adjusting
for T/2 shift; “true’” values (---).

least-squares problem for new parameters as the data win-
dow is moved forward. A data window of size T'=7 h (num-
ber of data points N = 70) and filtering parameter L = 6 were
used to estimate the parameters A4; from each of Egs. 27.
The size of the data window is important for the perfor-
mance of the algorithm. If the window size is too small, the
information about the system dynamics may be insufficient,
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Figure 4. Estimation of (a) bacterial yield coefficient Y;
(b) protozoan yield coefficient X; (c) proto-
zoan death rate v,, and (d) autochthonous
substrate production constant a; “true”values

(---).
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Figure 5. Estimation of Monod law parameters (a) »; (b)
Kp; (€) p; (d) K; (@) w; and (f) K'; “true” val-
ues (---).

and if the window size is too large, delays are introduced in
the estimates. The algorithm essentially treats the parame-
ters as constants inside the data window, and the resulting
estimates are average values for the width of the window.
Hence, the estimates need to be shifted backwards in time by
T/2. The estimates of the three specific growth rates n, m,
and m' are shown in Figure 3 with a delay of 3.5 h prior to
adjusting for the delay. Figure 4 shows the estimates of the
other four parameters Y, X, v;, and a. It was also observed
that the amplitudes of the estimates fail to match those of
the actual oscillating parameters as the window size in-
creases, which is another direct consequence of averaging the
parameter over T. In actuality, for a time-varying system, the
parameters a; are not constant and hence they cannot be
moved out of the integral while modulating. Current research
is focused on modeling the time-varying parameter as a poly-
nomial spline inside the moving window (Ungarala and Co,
1996).

In the second stage of the estimation scheme, the growth-
rate models (Egs. 26) are identified from the previously ob-
tained estimates of the specific growth rates. The relevant
affine forms are

nb=vb—K,n (28a)
ms = us — Km (28b)
m's =us —K'm. (28¢)

With L =6 and N = 500, Figure 5 shows the estimates of the
three maximum specific growth rates (v, u, and ') and the
three saturation constants (K, K, and K’).

Conclusions

Microbial growth processes are generally nonstationary and
difficult to model. In this article, a recursive modulating-
functions method was demonstrated to track parameters on-
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line from a protozoan-bacterial interactions model. The sim-
ulation study shows that the specific growth rates can be esti-
mated accurately, independent of the growth model involved.
The estimations show good agreement with their actual val-
ues, and the variation in the time-varying parameters was fol-
lowed well. Apart from the 7/2 delay, in the case of oscillat-
ing parameters, it was found that the estimated amplitudes
are also a function of the window size. In a second pass of
the modulating functions, the relevant growth models are
identified from the previous estimates of the specific growth
rates. Since the method automatically executes different lev-
els of noise filtering, subsequent identification based on pre-
vious estimates results in relatively smooth estimates. The
modulating-functions method proves to be a good choice for
the identification of nonlinear continuous-time models and
has many potential applications in chemical engineering sys-
tems, for example, in catalyst deactivation and heat-ex-
changer fouling.
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